

























RISK BASED STRUCTURAL OPTIMIZATION​[1]​










Classical deterministic structural optimization has only in few cases been seriously used in designing real civil engineering structures. Therefore, in the last few decades research has taken place in several places to improve the formulation of such structural optimization problems by a probabilistic approach. A large number of papers on reliability based structural optimization have been published in the last 20 years (Thoft-Christensen [3]). However, this has not resulted in a wide application of structural optimization in Civil Engineering. The only reasonable explanation of this discouraging fact seems to be that the modelling of the reliability based optimization problems are not sufficiently convincing for the user.
It is therefore proposed in this paper that risk based structural optimization rather than reliability based optimization should be used. Actually, in some formulations of reliability based optimization risk is included, namely when the objective function is based on the expected cost of the structure and when the expected cost includes a term with the expected failure costs.
In this paper a formulation of risk based structural optimization for structural systems is based on a modified failure probability called the risk probability. The risk probability and the associated risk index is defined in such a way that the extensive software available for systems reliability analysis can be used unchanged for systems risk analysis.


2. The risk concept
Consider for a given structure n failure modes with failure probabilities Pi, i = 1,…, n. Let the corresponding reliability indices , i = 1,..., n be defined by
                                                           (1)
where  is the standard normal distribution function. Let the consequence of failure mode i be Ci, i = 1,..., n, and let
C0 = max(C1,...,Cn)                                                  (2)
The relative consequence of failure mode i can then be written .
The risk Ri for failure mode i is usually defined (Thoft-Christensen [2]) by
                                                             (3)
The corresponding relative risk Ti can then be defined by
                                                            4)


3. Risk Probability and Risk Index
A consequence modified failure probability Fi for failure mode i, i = 1,…, n, called the Risk probability can then be defined by
                                                            (5)
and a risk index  can be defined by
                                                              (6)
Therefore
     (7)
where . The linear approximation of the failure surface for failure mode i is in the standardized U-space shown in figure 1 as line (1). The corresponding risk failure surface is shown in the same figure as line (2). Observe that the two lines are parallel.


4. Risk modelling of structures
It is well-known from structural reliability theory (Thoft-Christensen & Murotsu [1]) that the reliability of structural systems can be modelled in several ways. Often a satisfactory modelling can be obtained by a series system of parallel systems, where the parallel systems are failure modes. By this modelling it is assumed that failure of the systems takes place when there is failure in a failure mode (parallel system). In systems reliability analysis on level 1 the parallel systems consist of only one element, on level 2 of 2 elements etc. At mechanism level the parallel systems form mechanisms and they may therefore consist of systems with different number of elements.
With the definitions mentioned above the risk of structural systems can be introduced in a similar way. The computations can also be performed in a similar way since the reliability index simply is interchanged with the risk index in all equations. However, it is not obvious whether such a modelling is reasonable or not.
Consider a series system with n failure elements and let the reliability indices be given by  and let the correlation matrix between the linearized safety margin be . Then the corresponding system risk probability Fs and the systems risk index  are determined by
                                             (8)
where are the risk indices determined by (7). The expected system risk Rs is then determined by
                                               (9)
Similar equations can be derived for parallel systems
                                        (10)
and
                                                    (11)
Observe that the systems risk definitions (9) and (11) are different from the traditional definition of systems risk, which is usually defined by
                                                  (12)


5. Risk based structural optimization
Risk based structural optimization problems can like reliability based structural optimization problems be formulated in different ways. The simplest model is
                                                       (13)
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